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We prove a global inverse result for simultaneous approximation by modified
Bernstein operators as introduced by Durrmeyer in 1967. The main result of this
note supplements and extends an earlier direct theorem of Heilmann and Miiller
and is given in terms of the so-called Ditzian-Totik modulus of second order.
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1. INTRODUCTION

The classical Bernstein operators are of the form

2 k
Bfix)= 3 £ (5) pasto)
k=0
where

Dui(x) = 'x"(l —x)" 7k, 0<k<n.

n!
kl(n—k)
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There are two modifications of the Bernstein polynomials for the
approximation of L, functions, 1< p < oo, which have attracted particular
interest over the recent years. The first is given by Kantorovich operators
B¥* which are obtained if one replaces f{k/n) by

(k+1)/(n+1}
(n+1) f(2) dt.

k/(n+1)

See [6] and the references cited there for details.

The other modification is an operator sequence introduced by
Durrmeyer [7] and, independently, by Lupas [11, p. 681. Here, f(k/n) is
replaced by

(D) [ Pt S10)

so that one arrives at

MAfix) =+ 1) X po®) || pastt) S0 .
k=0

The M, were studied by Derriennic [3, 4] and several other authors. It
turned out that the approximation properties of both B* and M, are some-
what similar.

Writing L, for either B or M, the following statements hold:

THEOREM A (See [5, 17]). Let 1 <p< 0. Then, for 0<a <2,
1L, f=fll,=O(n=*?)
if and only if
i (f, 1), =0(t%).
Here

wl(f, l)p=05lip il SELD) @(x) = (x(1—x))"2,

with

s g =1 (x+3)=r(x=3).  atrem=a,45100,

is the so-called Ditzian—Totik modulus of smoothness.
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For the saturation case one has
THEOREM B (See [8, 12-14, 16]).
”Lnf_f”p= 0(]1_1)
if and only if
(1) forl<p<o
wi(f, 1),=0(%),
(2) forp=1

h(?)
wi—n®

@) =K+[°

a.e. on I,

with y e (0, 1) and h(0)=h(1) =0, he BV(I).

It would be desirable to have a more uniform description of the non-
optimal and the saturation cases. However, as was shown by Totik [15],
the condition given in Theorem B for p=1 and

wy(f, 1) =0(#)

are not equivalent.

It is the aim of the present paper to show that one gets a more elegant
characterization (at least for the operators M,) if one considers
simultaneous approximation. The direct part of the result below was, for
the most part, established in a recent paper by Heilmann and Miiller [9].
They stated, however, that they were unable to prove the inverse theorem
for non-weighted global approximation. This will be done below. To be
more specific, we shall show, among other results, that, for 1 <s fixed, one
has for 1 <p < oo the following equivalence (see the Theorem below):

For0<a<2,0< <00,

(M, f =N, < C{n~*?(log n)} = 0l (f©, 1),= Ct* log 1| .

Thus, not only is it true that there is a more elegant result for simultaneous
approximation, but we can also characterize more classes of functions by
the result of this note.
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2. AUXILIARY RESULTS

If fe Ly(I), 1 <p< o0, n>s, then it was shown by Derriennic [4, p. 334]
that

n—s

(M) ()= 04 1) 2(35) 5 Pl | B SO0

with

(n!)?

S s

Heilmann and Miiller [9] introduced the auxiliary operators

(M, h)(x)=(n+1)a(n,s) 3 Pusulx) JOI Prssiss(O) A1) dt, he Ly(I).
k=0

They used the equality
(M, =M, (f),  feLyD),

and mentioned that for he L, (1), n>s,
1M, hll, < ClIA],

with a constant C independent of # and p.

While these results will be useful for us in the sequel, for convenience we
summarize some further results which can be found in [5, 10] or can be
obtained using similar methods.

Note first that, for ¢(x)=(x(1 —x))"? the following relationships hold
true:

§D4(X) Pn—s—z,k(x) pn+5+2,k+s+2(t)

NQ)Z(X) (pz(t) pn—s,k+1(x) pn+s,s+k+1(t)

’;‘P4(t Prcsi2nks20X) Prss_onss{th H
p;,k(x>—%p,, () =Py s (D) —pr ) ()

and, for suitably chosen F,

s+2

d
9*(x) 53 M (F: %)

n—s—2

SC"I Z Pn- 5k+1(x)j pn+s,k+s+1(1)<p2(1)|F(S+2)(t)! dt. (3)
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Let ay = [§ P i+ s(t) FO(1) dr and da, = a,, ,—a,. Then, for n=>s+2,

ds+2
dxx+2

n—s—2
Mn(Fa x)~n3 Z pn—s—Z,k(x) Azak' (4)

Here A ~ B means that there exists a constant C > 0, such that
C~'|B|<|4|<C|BI.

Let N;eN, |N;|<(, i=1, .., 5, and me N, be fixed. Then

n+ N

n L Pasnsren) )| = 07 Dyt d

ce(®2. 1) o

The following lemma can be found in [18]; its proof can be carried out
similarly as in [1].

LemMa 1. Let U,(x), U,(x) be non-negative increasing functions, r >0,
C>1.If for all 0<t, h< 1 one has

U <C {Uz(h) T (2) Ul(h)},

then

LUt
Ul(h)SA {hr—l/Z J‘h tr+f(—z/2 dt+hr_1/2}9

where A depends on C, U,(1) and U,(1).

Putting E,=[1/(n+¢), 1 — 1/(n+¢)] for some fixed ¢>0 (¢ not being
the same at each occurrence), we have

LeEMMA 2. For xeE,, let ¢, (x)= (p(x)/\/ﬁ. Then

|p<f>(x)|<0{<p;f( z k;”(;‘" n,k(x)}, j=12,..

Proof. For j=1, (2) implies the above. If it is true for j= j,, then for
J=Jo+ 1. Since

forio(t)

+¢;“‘1(X)},

k
——x
n

<C{<p;“"2
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we have, using (2),

Jo

|pY* D(x)] = l d

k
o (5 x) Pral)

|k/n_x|:+1

<C{Z (p"" 2( ) Z "_‘T(‘")‘__

Jo Jo—u k —
+o, 4 0 %Y 'fp"(’)“ nk<x>}

Jo+1 |k/n-x1’

0, (x) Z o) Do),

mAx)

That is what we want. §

LemMMA 3. For 1 <p< oo, the following inequalities holds:

lo*M U, < Clo?f®,, o> eL, (D), (6)
o> M ZHN, < Cn' [ £, feL,(), (7)

where i=1, 2.
M, (N, <Cnifll,,  feL,) (8)

Proof. Because the remaining inequalities can be shown in the same
way, we only prove (6) and (7) for i=1. We first represent M (f) using
M,. Let F be such that F = f. Then

M, (f)=(M,F)®,
or

M, (f)= (M, F)¢*?,
Using (3), one gets

n—s—2

Z pn sk+1( )

<CH<P2f”l|oo-

Furthermore, for p=1,
oM, ()l

lo*M;, ()l <Cn Iifpzf"ll w

++1

1 n—s—2

SO [T pakesl®) | Paviriaa) 1020) £1(0) di dx

tn—s—

k

s—2
<Cl Y Drrvssrirs®) 1030 £/ dE<C 0"
k=0

Jo

640/67/3-5
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Hence, by the Riesz—Thorin theorem [2], it follows that

lo*M, (I, <Cle’f"l,,  1<p<oo.

In order to prove (7) for i=1, we use (4) to obtain
lo>M, (f )Ile(E;)S - 1My, SN Loy

C n—s—2
—n’ z pn—s—Z,k(x)
k=0

x max [ p (0 1f0) di

k€<i<sk+29g

<Cnifll-

Le(Ey)

On the other hand, inside E, we have

MY SC S Pl [ Paroso) 1101
k=0

and

lo*(x) M, ()X S —— Z @* () 1P sl 1 f Nl co-

++1

Using Lemma 2 and the fact that, for ie Ny and xe E,,,

i

q)_i(x) pn—s,k(x)< C5

n—s

Z ni/2

k=0

k
——x
n—s

we get
1> M3 () iy < Cn LS N oo

Combining the estimates for E¢ and E, shows that

10?M (o< Crllfll o

Next we show the analogous inequality for p = 1. Consider again E¢ first:

C
10°M (N ey < [ 1M (f)(0)] dx
n EC

n—s—2

—n ch Z |Pr—s—2.2(x)] Mzakldx
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But
1
[Fagl <4 max | p.. (010 d
k<i<k+2Jp
and so
“(PZM" s(f)||L1(E”

n—s—2

1
<o | Y max [ gy 0] drax

E;, p—_qo k<i<k+240

<CrIfI | de<Cnif]s.

For xe E, we have (see the L case)

k

— 5

l9*(x) M7, (/)] < Cn? Z Zn

k=0 i=0

X ¢ H(x) pa_ i) fo Passica o) LF(1)] .

- X

Hence, by [6 p- 1297 one has

n—s 2

19 ME Dy < T n [

k=0 i=0

i

— X

n—S

s (!
XQD (x) pn—s,k(x) dx‘}() pn+s‘k+s(z) 'f(t)l dt
<Cnlfl,-
Combining again the inequalities for E¢ and E,, we obtain

lo>M7 (Ol <Cnllfl,

and combining this with the estimate for p = oo, the Riesz—Thorin theorem
implies

lo*M, (D, <Crllfl,
That is (7). §

Let
H,,’m(u) =n (J: J: — J.Ou J;l) (u—1)"

n+ Ny

X z pn+N2,k+N3(x) pn+N4,k+N5(t) dl dx>
k=0
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with m, N;, i=1,2, .., 5, as in (5). Since p, ;(x)=0, j>n, we may suppose
N,+ N;<N,. We have

LEMMA 4. There exists a constant C >0, such that

Huntil <€ (224 +)

Proof. We write H, (1) as

H,(0)=n (jol jo — L” f:) dt dx=n (—f: jl +f1 f:) dt dx.

Using the fact that (n+1)§ p,«(x)dx=1 and changing the order of
integration, then integrating by parts and by (2), we have

1 1
H,,,m(u)=nLN4 {J dxj (u—t)y"*!
m u [}

+1
n+ Ny
X Z pn+N2,k+N3(x){pn~N4-—1,k+N571(t)
k= —Ns+1
1
—Pni Ny 1k ns(1)} Ta TNl
2

n+ Ny

x Z f (u_t)m+l{1’n+1v4 Lk +ns—1(2)

1 1
—pn+N4—l,k+N5(t)} dt} +nJ‘ dx fo (u— I)m

—Ns

X Z pn+N2,k+N3(x) pn+N4,k+N5(t) dt' (9)
k=0

But p, ;(x)=0, if j<0. So if N5<0

_NS

nf @] w-or B Priwae 1) Bas e nt) de

1 1
= [ e [ 0 Doy ) P vol0)
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Thus, if N;— N5<0, the last integral equals zero. If 0 < N;— Ns, then,
since

1 " 1
“ 11" Py wo(t) dti <C {—+f (1 — gy d;}
4] n 0

u™ 1
<C<7+nm—+'1‘>,

1 N N3— Ns ) e
J pn+N2,N3-‘N5(x)dx<C{nN3_ ’ Z n_"luN:i; e

u i=0

X(l_u)n+N2—N3+N5+i+l}
and for fixed N, u™(1 —u)"~ V< Cn ", we obtain

—Ns

1 1
nj de.o (u—1)" Z pn+N2,k+N3(x)pn+N4,k+N5(t)dt
u k=

0

co(#. 1y

n n

If Ns> 0, by the same reasoning as above, we have also the same estimate.
For the second part of (9), we have

n+ Ny

1
Z j (u_t)m+1 {Pn+N4—1,k+N5—1(t)“Pn+N4—1,k+N5(f)} dt
k=0 “#

1 1
= [ =0 v e 140 ().

On the other hand, using the Abel transformation and (2) for the first part
of (9), it is not difficult to obtain that

n+ Ny
z pn+N2,k+N3(x){pn+N4v1,k+N5—l(t)'—pn+N4,—1,k+N5(t)}
k= —Ns+1

= _pn+N2,n+N1+N3(x) pn+N4—1,n+N1+N5(t)

+ Pt Moy vy — N(X) P g 1,0(7)
1 n+ N —1

Z pn+N471,k+N5(t) pn+N2+1,k+N3+1(x)'
= —Ns

T n+N+1,
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Thus it follows that

Hn,m(u)=n(n+N4){ —1 j dxj (u_t)m+1

m+1 7’1+N2+1
n+Nj—1
X Z p;l+N2+1,k+N3+1(x)pn+N4a1,k+N5(t)dt
- —Ns

1 1
_&J‘ dx JO (u_t)m+l pn+N2,n+N1+N3(x) pn+N471,n+N1+N5(t) dt

1
+mj (u—ry"*? Pt No— tn+ Ny +n5(2) dt}
2 u

+o(("3"?+n>m“).

Direct computation shows that

u_t)m+1 pn+N2,n+N1+N3(x) pn+N4—~1,n+N1+N5(t) dt

1 1
dx
u 0

S ey L

1
_n+N2+1L (u

Therefore, since N, + 1> N+ N3,

n(n+N,) ! ! m+1
Hn,m(u)_ —(m+1)(n+N2+1)L dXJO (ll—t)
n+Nyj—1
X Z p;t+N2+1,k+N3+1(x)pn+N471,k+N5(t)dt
k= — Ns
m1
~o((%+))
Jnon
n(n+N4) n+ N+ Ns—1

=(n+N2+1)(m+1) = Pryno+ Lk — N+ N+ 1(1)

1
< = pn ) d

() )

Now, using (5), we get the assertion of this lemma. ||
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Defining
= ! ! 3 p(4
M) =1 T Prasl0) [ Povascrsd) | (1= )
k=0 x

we prove

LEmMMA 5. For 1 <p< oo there holds

d2
B i @*(x) == M(v)

dv dv?®

1| d 1
|]M(x)||,,+—”-——M(v) +—|
n n

P v=xllp

1 1
<C{SIoY O+ 17, .

Proof. From [6, p. 141]) it is known that

JE=x) 07 ) Mo/ )(x),  xek,
h {(t—x)“ M(f ) (x), xeE:.

j’ (t—u)® FO(u) du

Here M(F)(x) is the Hardy-Liitlewood function of F. Thus we have the
inequality of this lemma for 1<p< oo, using the Hardy-Littlewood
inequality, Lemma 2 for xe E,, and the fact that {o(x)| < C/n for xe E¢
and (5).

If p=1, then

M <0 | T prsslo) [ P [ (= 17000 |

¥
— jol Lf9(w)| {J.Ol L"_L“ f:}

x (u_ t)3 Z pnfs,k(x) pn+s,k+s([) dt dx du.

k=0

By (2),

1

<O Y Puemra®) [ {Passrnsld)
k= 0

=0

v=Xx

11d
;t%M(U)
Preane e} [ (=) [f D) du .

We thus get
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1)d

dv

1

v=Xx

<Cn {fo |f () {f: L —fo fol } (w—1)?

n—s

X Z pn—s—l,k(x) pn+s,k+s(t) dt dx du

+J01 |f ()] {J.Ol f:—f: fol} (u—1)°

<Y s sl pm,m_l(z)dtdxdu}.

Using (3), we obtain
@*(x)

n

dz
d2

V=X

n—s—2

<C' Y ki@ Prrak a0 | (=) |f O .

k=0

So, like in [10],

n 0() 2 b

v=x | L[0,1/2]

c { Firowiow{] [-[}u-o

X Z pn——s,k+1(x) pn+s,k+s+ l(t) dr dx du

k=0
f rswietw{] [ -] [ u-n
K ura) Pars kool i i .

The same estimate holds also for xe [1/2, 1]. Now, using Lemma 4, we
obtain the claim of Lemma 5. |

We introduce the auxiliary operator L, defined by

L,(f)=C,M, (f ML)+ s+ 1)) M, ()}
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where

_ n+s+1
C(n+1)aln,s)

n

This operator L, satisfies an inequality as given in

LEMMA 6. For 1<p< o,

-l <c (£ —ﬁ)% 111}

Proof. Note first that
1
L()=1, Ll;x)=x L,,(tz,-x):xzw(;).

By Lemma 3, L, is a bounded linear operator from L,(I) into L,(I). Since
for a polynomial P with degree not larger than [\/Z 1, L,(P)is also a poly-
nomial of the same degree, by [6, p. 91] one has

[L(P)— P, < CILAP)—~ Pl Lk,

On the other hand, using Taylor’s formula, we get

IL.(P)—Pl,

1
< C{”P””L,,(E,,)?'{" IL.((z—-)*) PP LBy T HLn(R)“L,,(E,.)}'

Here,
L(R;x)=L, (r (t—u)® P (u) du; x).

It is easy to calculate that (see [9])

2
(=301 <€ {13,035 01 + 2 M=
L e} ee (SR 5

Thus, since x€ E,,, we have (see [6, p. 135])

2
1La((t =) PO ) < % P& <% Ue*PDN, + 11PY,).

p
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By Lemma 5 we obtain, because P is a polynomial of degree not larger
than [,/n], and C/n< 9*(x) for xe E,,

1 1
LR, <€ {5 170,422 1P,
! (4) 4 1 4)
<C 7 IP%e ||p+;1'z 1PN 2, e

{
<ciioro,}.

In order to estimate |P”|,,s,, observe that, if 1<p<oo, then (see
L6, p. 135])

1P, < C{le*Pl, + 1Pl }-

If p= o0, we write

r-r ()

and use the estimate

1/2
j POu) du

C 3
X1 P(3) o8
<o le P

[P"(DI<Cn [P,

which is valid for Pe Il L/ Therefore,

1 " C
;1—2 P ”Lm(E,l)<;l_2' {n [Pl +n'? “§03P(3)”oo}

1 1
<C{IPl 4o 9P
Hence, for 1 <p <o,
1 1
IL(P) = Pl < C {5 1Pl + 5 1P,
and for p = oo,
IL(P) = Plo < C{2 1Pl 4= 197PO + L 9P
n oo = 7 oo+n3/2|(p ”oo+—n_2”¢ ”oo .
Now, let P satisfy (see [6, p. 84])

1P~ fl,< CE (/) < Car? (f, 72) :



A GLOBAL INVERSE THEOREM 299

and

— ipl 1 .
n /ZHQDP“II,,SCwi(f,ﬁ), =34

Thus

1 1
NS, < C Q@3 (1) 411 N

3. MaIN REesuLT

We are now ready to prove the main result of this paper. It will be
formulated in terms of a function w having properties similar to those
of a second order modulus of continuity, namely that w is increasing such
that

0< w(kt)< Ak’w(t)  for t>0and ke N.

The theorem below supplements and extends the direct theorem given by
Heilmann and Miiller [9] as indicated in the introduction.

THEOREM. Let 1 <5 and fe L (1), L <p<oo. Then

I(M,(F)= ), <C {a) ( 'j?) +E}

n
if and only if

0l (f9, 1), < C{o(t) + },
where C = C is independent of t (and n).

Proof. (<) It was shown in [9, Theorem 3.17 that, for I <p< o0,

A A A U
<clo (ﬁ) +2h

(=) The only case of interest is the one in which Cr* <w(s). We
assume that

IM,(f) ~ £)ll, < Cao (-\17)

n
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Thus, since |1—C,| < C/n,

1CuM o () = £, < Co N =)l + L= Col 17

<Co (%) (10)

n

Furthermore,

0 (f9, 1), < C{USO =M, (f)N,+* lo* (M, (fOND,}.
Lemma 3 shows that, for any g e L3(J),
g (f9, 1), SC{ISO =M, (f)N, + 2 [(f =)D, + 1 9*g“ I, ).

Taking the inf over g€ L}(I) and using the equivalence of K-functionals
and corresponding moduli of smoothness (see [6, p. 11]), by the above
condition on w, we get

(o]
n n/p

Now, Lemma 1 implies

w;(f(s’, 1), < Co(2).
Using Marchaud’s inequality and by the condition on w this implies
o) (f*, 1), < Co(t).

Combining this with (10) it follows from Lemma 6 that

1M (f9) + (s + 1)(@?) M, (S, < Crneo (ﬁ) (11)

If we can prove that

1
1M, (f), < Crao (ﬁ> (12)

then,

1 1
M, FO) = 14 N MO < Coo (=),

Jn



A GLOBAL INVERSE THEOREM 301

Thus, using the equivalence of the K-functional and the modulus of
smoothness (see [6, p. 11]), we obtain

@3(f9, 1), < Col1).

Hence, we only have to prove (12). In order to do this, we write
g=M, (f*) and

h(x)= %"+ (s + 1)(¢?) &' = (¢*) * (g'(9*)' 7).
(11) shows ||A], < an(l/ﬁ). Furthermore,

1 x
&) =573 | h(t) p>(0) dr
[/ 0

So, by Hardy’s inequality, we have for 1 <p< 0

9> (x) I

1800 < | s | o) d Sl

For p=1, by changing the order of integration, one gets

1/2 i
1€ r0im <, ooy |, 0l o) drax

12 12 4
<2 L A (1) j —dvdr

Since 1< s, we obtain
&'l Lro,121 < C NIkl
In the same way one can show that
18Nl L,r12.11< C liA],-
Thus, for all 1 <p < oo,
lg'll,<ClAl,.

That implies (12) and the proof is complete. §

Remark. In case p= o0, we are able to prove the direct theorem (e.g.,
using Lemma 3 and Lemma 6)

104,(7) = 117l < € o (1 ﬁ)w'“"(f‘”,%)w%-nfmuw}.
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Thus, using the same method as in the proof of the theorem, we have

if

10.

11.
12.
13.
14.
15.
16.
17.

18.

(M) =) <C {w (ﬁ) N %}

and only if

@L(f, 1) + o(f, 1), < Cla(t) + 7).
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